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Abstract. Modern robot applications benefit from including variable stiffness actuators 
(VSA) in the kinematic chain. In this paper, we focus on VSA utilizing a magnetic spring 
made of two coaxial rings divided into alternately magnetized sections. The torque 
generated between the rings is opposite to the angular deflection from equilibrium and its 
value increases as the deflection grows – within a specific range of angles that we call a 
stable range. Beyond the stable range, the spring exhibits negative stiffness what causes 
problems with prediction and control. In order to avoid it, it is convenient to operate 
within a narrower range of angles that we call a safe range. The magnetic springs 
proposed so far utilize few pairs of arc magnets, and their safe ranges are significantly 
smaller than the stable ones. In order to broaden the safe range, we propose a different 
design of the magnetic spring, which is composed of flat magnets, as well as a new 
arrangement of VSA (called ATTRACTOR) utilizing the proposed spring. Correctness and 
usability of the concept are verified in FEM analyses and experiments performed on 
constructed VSA, which led to formulating models of the magnetic spring. The results 
show that choosing flat magnets over arc ones enables shaping spring characteristics in a 
way that broadens the safe range. An additional benefit is lowered cost, and the main 
disadvantage is a reduced maximal torque that the spring is capable of transmitting. The 
whole VSA can be perceived as promising construction for further development, 
miniaturization and possible application in modern robotic mechanisms. 
Key Words: Variable Stiffness Actuator, Elastic Joint, Magnetic Spring, Magnetic 
Clutch, Soft Robotics 
1. INTRODUCTION 
Construction of most of kinematic chains of robots, which are currently produced, is 
optimized to maximize their stiffness. Low compliance of robot links and joints is 
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especially vital in typical industrial applications like welding, gluing, dispensing, picking 
and placing because it plays a crucial role in providing high accuracy of the end effector 
positioning and avoiding undesired oscillations [1]. However, there is a significant 
downside to this approach – increasing rigidity of kinematic chain results in reducing its 
potential for safe energy absorption. Consequently, due to safety standards, such robots 
should either have their performance limited or work in safety zones to minimize the risk 
of collisions. In a context of growing interest in utilizing robots that would be capable of 
direct cooperation with humans (also in industrial applications) [2], it seems reasonable to 
intentionally include compliance in the kinematic chain as a means which potentially 
reduces negative consequences of collision [3–6]. As stated before, the price for that is 
positioning accuracy. A practical compromise is to make compliance controllable by 
using variable stiffness actuators (VSA) and to implement a soft-arm tactics [7], which is 
to perform fast rough movements in safe compliant state and slow precise ones in the 
more accurate stiff configuration. 
Including compliance in a mechanism – especially when it is variable and controllable 
– may have some other beneficial consequences [8]. First of all, the capability of energy 
absorption makes a new class of advanced movements possible, e.g. effective throwing 
and catching, walking and jumping [9]. Some of them like ball kicking and running 
require adjusting stiffness between consecutive phases of movement [10–12]. Moreover, 
achievable forces [4] and velocities [3, 13] are greater in the case of compliant 
mechanisms than in the stiff ones. Last but not least, the resonance frequency of the 
elastic kinematic chain can be adjusted to its working cycle resulting in reduced energy 
consumption [14–16]. All these factors explain why human body actuators, which are 
antagonistic pairs of muscles, are also capable of in-fly stiffness adjustment [17]. 
Most VSA designs can be assigned to one of three categories [18]: 
A. stiff constructions controlled in a way that enforces compliant behavior, 
B. compliant construction controlled in a way that enforces stiffness variability, 
C. compliant constructions which stiffness is adjusted mechanically. 
Actuators from the first group are the most popular, especially in a field of service and 
assisting robots – where the safety issues are particularly important [19–21]. This is one 
of the reasons for the active development of suitable arm control algorithms, which 
include mechanical interactions with the environment – especially humans. Some 
significant achievements are based on either impedance control [22–24] or force 
control [25–29]. It is worth noting that there are also some commercially available robots 
for professional industrial use equipped with VSAs belonging to this category [30]. 
There are not so many constructions belonging to the second group (B) because they 
are mechanically more complicated than those from the first group, and provide not so 
many benefits as those from the third group. Some notable examples are [31, 32]. 
It is only possible for the constructions belonging to category C to fully utilize 
compliant parts capability of energy storage, what makes this specific group peculiarly 
attractive in the context of the previously mentioned benefits. There are three main 
methods of achieving stiffness variability by mechanical means [18, 33]: 
C1. changing pretension of non-linear compliant components (often arranged in an 
antagonistic way [34]) – e.g. varying air pressure in a pair of pneumatic muscles, 
C2. changing transmission between the compliant component and output link – e.g. 
moving pivot point of a lever connecting spring with output arm, 
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C3. changing parameters of compliant component – e.g. adjusting the active length of 
a leaf spring or its second moment of area. 
In all these categories, the most frequently used compliant components are leaf 
springs, helix springs and elastic rods [18]. An interesting alternative is to use magnetic 
parts. The concept of replacing mechanical components with their magnetic equivalents is 
already present in different branches of engineering. Some notable examples are magnetic 
bearings [35], magnetic clutches and magnetic transmissions [36]. A summary of previous 
achievements in constructing magnetic springs is presented in Section 2. 
In this paper, we propose a design of magnetic torsional spring composed of flat 
magnets and also a conception of its application in variable stiffness actuator. The 
proposed solution increases the scope of magnetic springs applicability in a context of 
VSAs development by increasing ranges of angles for which spring torque-angle 
characteristics are stable and close to linear. The idea is supported by an analysis of 
magnetic spring dynamic behavior and its dependency on torque-angle characteristics 
(Section 3). The effect of the proposed solution (Section 4) is verified in FEM analysis 
(Section 5) and multiple experiments conducted on constructed VSA (Section 6). Their 
results were used to develop mathematical models of magnetic spring discussed in 
Section 7. Section 8 summarizes the work. 
2. RELATED WORK 
Numerous conceptions of compliant mechanisms based on magnetic components have 
been developed so far. Some of them refer to non-linear springs consisting of magnets in 
various arrangements which potentially can be used in antagonistic VSAs classified in C1 
group [37, 38]. At least one conception was successfully implemented in such a 
setup [39]. A different approach is to use electromagnets and adjust system stiffness by 
changing current applied to them [40, 41]. Such construction belongs to C3 group, but it 
has one major drawback – high energy consumption also in steady state. 
 
Fig. 1 Variable stiffness torsional spring based on arc magnets – AMS 
Another interesting solution belonging to C3 category is shown in Fig. 1. It presents a 
variable stiffness torsional spring, which is made of two coaxial rings consisting of 
radially magnetized arc magnets aligned in an alternating way. When the components are 
in equilibrium, rotating one of the rings results in counter-acting torque τsp whose value is 
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approximately proportional to angle φr between the rings if the angle is sufficiently small. 
Stiffness adjustment can be accomplished by translating one of the rings along the axis. 
Moving rings away from the equilibrium by a distance d causes the overlapping part to 
become smaller, which reduces magnetic forces between the rings and hence the stiffness 
of the system decreases. We will refer to this solution as AMS – Arc Magnets Spring. 
Such an arrangement has some unique advantages like decoupled position and 
stiffness control, no need for constant energy supply, inherent maximum torque limit, 
possible zero stiffness configuration (rings completely decoupled) and an unlimited 
angular position range. It also has some benefits which are typical for solutions based on 
magnets: no contact between moving parts, reduced friction and wear, and zero clearances 
between cooperating parts. 
To the best of our knowledge, the AMS arrangement has been proposed for the first 
time in [42]. Authors of that paper built a magnetic spring using four arc magnets per 
ring, implemented it in construction of VSA and measured some characteristics like 
torque-angle relationship for different axial distances between the rings. A continuation of 
that work was a development of a modified design of a more compact spring [43] with an 
additional intermediary ring used to increase its maximal torque. 
The other significant achievement in this field has been made by authors of the 
paper [44]. They prepared and performed multiple FEM analyses for different 
arrangements of magnets in AMS – in particular, they examined an impact of poles 
number and magnets dimensions on maximum torque, energy and stiffness of magnetic 
spring. To verify the simulation model, the authors built simple two poles spring and 
measured its characteristics. 
3. MAGNETIC SPRING CHARACTERISTICS 
Despite of all of the advantages of the arc magnetic springs they have at least one 
major drawback – they exhibit unstable behavior for specific angles φr. To examine that 
phenomenon in detail, we shall introduce some additional terms. Fig. 2 presents sample 
torque-angle characteristics of magnetic spring. When external load τld (whose value is 
lower than maximal torque) is applied to one of the rings, multiple equilibrium points 
occur. If term dτsp/dφr has a negative sign, the whole system acts like a conventional 
torsional spring and equilibrium is stable. Otherwise, even a small change of resultant 
torque causes the system to move away from equilibrium, which in this case is unstable, 
and to accelerate toward the next stable one. The direction of this movement depends 
heavily on initial disturbance, which makes it nearly impossible to predict and – as a 
consequence – problematic to control. For this reason, it is better to avoid unstable 
regions of spring characteristic in typical applications. The critical angle, separating 
stable and unstable regions, corresponds to maximal torque. To make sure that it is not 
exceeded, it may be necessary to assume some safety margin and to operate only within 
the safe range of angles which is narrower than the stable one. 
It may be beneficial to utilize even a tinier span of angles. Control laws could be much 
simpler if the relationship between torque and deflection were linear (stiffness irrelevant 
to angle). In fact, in multiple papers concerning modeling and control of robots with 
compliant joints, the linearity of compliance is one of the main assumptions [45–47]. The 
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range of angles which provides that real characteristic differs from the linearised one no 
more than 5% we will call a linearity range. 
 
Fig. 2 Terms describing torque-angle characteristics of magnetic spring 
The part of the stable range of angles that can be utilized as a safe or linear range 
depends on the shape of torque-angle characteristics (Fig. 3). A typical plot for a many-
pole magnetic spring is close to sinusoid (curve 2). The fewer the poles, the more 
trapezoidal (curve 1) or even rectangular alike the shape becomes [44] making safe and 
linear ranges exceptionally narrow. In this context, a triangular (curve 3) or saw (curve 4) 
alike form of a curve would be more beneficial, however – to the best of our knowledge – 
it has not been obtained for arc magnets springs so far. In this paper, we propose a 
solution to broaden both linear and safe ranges of magnetic spring. 
 
Fig. 3 Impact of torque-angle characteristics shape on widths of safe ranges of angles 
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4. CONCEPTION OF VSA BASED ON FLAT PERMANENT MAGNETS 
The trapezoidal shape of few-poles-AMS torque-angle characteristics is related to a 
non-linear way the magnetic field distribution changes as the rings rotate relative to each 
other. The idea that we propose is to alter air gap width with respect to the relative angle 
in a way that compensates these non-linearities and results in a more triangular form of 
characteristics. A specific configuration of magnets that we suggest is presented in Fig. 4.  
 
Fig. 4 Proposed variable stiffness torsional spring based on flat magnets – FMS 
The rings are composed of flat magnets aligned into polygons and magnetized in a 
direction perpendicular to their walls. We will call this setup FMS – Flat Magnets Spring. 
As will be proven in this paper, it is possible to obtain the effect described above by 
proper choice of polygon and magnets dimensions. 
 
Fig. 5 Practical setup of magnetic rings 
While Fig. 4 depicts the general conception of magnets arrangement, Fig. 5 presents 
more practical setup visualizing one of the possible ways of supporting cooperating 
components on shafts and of enclosing the whole assembly to separate it physically and 
magnetically from its environment. Magnets in the outer ring are attached to a 
ferromagnetic tube with ferromagnetic cups on both ends, while magnets in the inner ring 
are attached to a ferromagnetic drilled core. Both components are mounted to non-
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ferromagnetic shafts. Such a choice of materials results in high magnetic flux density in 
the inside of the spring and a negligibly small stream leakage to the outside as it was 
proved in simulation described in Section 5. Fig. 6 presents a proposed conceptual design 
of variable stiffness actuator based on magnetic spring. We will refer to this setup as 
ATTRACTOR – vAriable sTiffness magneTic spRing ACTuatOR. 
 
Fig. 6 VSA concept – ATTRACTOR: 1. fixed frame, 2. bearings, 3. output shaft, 
4. flange, 5. inner magnetic ring, 6. guiding shafts, 7. linear bushings, 8. rigid carriage, 
9. bearings, 10. input shaft, 11. outer magnetic ring, 12. lead screw, 13. bearings, 14. nut, 
15,16. clutches, 17,18. DC servomotors, 19,20. absolute optic encoders 
5. SIMULATION 
There were three main goals of FEM analyses performed on magnetic spring models: 
verifying a choice of materials presented in Section 4, investigating an impact of magnets 
number, shape and arrangement on spring torque-angle characteristics and optimizing 
dimensions of spring used in experiments. 
Multiple models of AMS and FMS were prepared to perform FEM analyses. 
Investigated cases differed from each other with number of poles. All the AMS models 
had the same overall dimensions. In the case of FMS, it was impossible to obtain that, so 
only the inner dimensions (in Fig. 7 marked as g, l, w and z) were kept the same. The 
geometry and dimensions of analyzed models are presented in Fig. 7 and specific values 
are summarized in Table 1. Material properties were assigned to components according to 
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the description in Section 4 and the values presented in Table 2. In each case, the spring 
was surrounded by an air cylinder with Neumann boundary conditions on its surface. 
Table 1  Specific values of dimensions of investigated spring models [mm] (parameters 
which varied across simulations are bold) 
Spring type Pole pairs g l u w z G H1 H2 L P1 P2 U W Z s t 
 2 4 40 88° 32 44 4 8 3 84 20 20 88° 63 75 4.0 2 
AMS 3 4 40 58° 32 44 4 8 3 84 20 20 58° 63 75 4.0 2 
 4 4 40 43° 32 44 4 8 3 84 20 20 43° 63 75 4.0 2 
 2 4 40 30 32 44 4 8 3 84 20 20 40 71 84 5.5 2 
FMS 3 4 40 20 32 44 4 8 3 84 20 20 30 67 74 3.4 2 
 4 4 40 16 32 44 4 8 3 84 20 20 20 65 70 2.7 2 
Table 2 Material properties 
Material Air Aluminum Struct. steel NdFe35 
Isotropic relative permeability µr [-] 1.00 1.00 10000 1.10 
Magnetic coercivity Hm [kAm-1] 0 0 0 890 
 
Fig. 7 Shapes and dimensions of investigated spring models (up to scale) 
An initial analysis was performed to investigate the impact of rings material on 
magnetic flux density. The results are presented in Fig. 8, and they confirm the theses 
stated in Section 4. Hence, the material of supporting rings was set as structural steel. 
In the following analyses, the investigated quantities were torque and axial force 
between the rings calculated using the virtual work principle [48] for different values of 
relative angle and distance. Fig. 9a presents resultant torque-angle characteristics obtained 
in a configuration of maximal stiffness (d = 0). Examined FMSs have lower maximal 
torque and stiffness than AMSs of the same number of poles and similar dimensions. The 
fewer the poles, the difference becomes more significant. Fig. 9b visualizes the data 
 Spring Based on Flat Permanent Magnets: Design, Analysis and Use in Variable Stiffness Actuator 9 
normalized – torque is described as a fraction of maximal torque and angle as a fraction 
of stability limit angle. Such representation enables a comparison of characteristics 
shapes.  
As expected, investigated FMSs provide characteristics of more triangular form than 
AMSs. Again, the fewer the poles, the difference becomes more significant. 
 
Fig. 8 Impact of rings material on magnetic flux density 
The case arbitrarily selected for further investigation was 6-pole FMS. Multiple 
analyses were performed to limit maximal torque of the selected spring below stall torque 
of the available drive and to maximize the linear and the safe range of angles. The 
optimization variables were all dimensions listed in Table 1. The constraints were a result 
of space limits and availability of prefabricated components. The resultant characteristics 
are presented in Fig. 9 (labeled as "final"). 
  
a) Not normalized b) Normalized 
Fig. 9 FEM analyses results: torque-angle characteristics for d = 0 
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6. EXPERIMENTS 
The conceptions presented in Section 4 and dimensions optimized in Section 5 were 
used to design and build magnetic spring (Fig. 10a), as well as variable stiffness actuator 
following ATTRACTOR concept (Fig. 10b and Fig. 10c).  
  
a) Outer and inner magnetic ring b) ATTRACTOR 
 
c) ATTRACTOR components (numbers correspond to Fig. 6) 
 
 
d) Experimental setup: 1. ATTRACTOR, 2. DC servomotors, 3. driver, 4. encoders, 
5. controller gathering data from encoders, 6. PC with RTOS supervising the 
experiments, 7. PC used to design experiments and analyze their results, 8. flywheel, 
9. removable lever arm, 10. scale, 11. mass hung on a cord wound on the flywheel 
Fig. 10 Constructed device 
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Some additional equipment mountable to the output flange was prepared: flywheel 
used to increase inertia in order to slow down device dynamics and lever arm used to 
interact with the output shaft. The whole experimental setup is presented in Fig. 10d. The 
methodology of conducted experiments is described in Section 6.1, while their results and 
analysis are presented in Section 6.2. 
6.1 Methodology 
The experiments conducted on ATTRACTOR mechanism can be divided into three 
categories: one examining the torque-angle relationship of the spring (experiment A), one 
focused on identifying basic mechanical properties of the system (experiment B) and the 
last oriented on developing a model of the whole joint – understood as a relationship 
between position trajectories of output shaft φout(t) and input shaft φin(t) (experiment C). 
A methodology of experiment A was to apply torque to input shaft using DC motor, 
to estimate its value τsp basing on indications of rigidly fixed scale pushed with lever arm 
and to estimate relative angle φr by subtracting readings of absolute encoders mounted on 
shafts φout-φin. The whole procedure was repeated for different axial distances d between 
the magnetic rings and all three stable equilibria. Due to the instability described in 
Section 3, the range of examined angles was limited (-41° ÷ 41° from stable equilibrium), 
but it was broader than the stable range (-31.5° ÷ 31.5°) because of static friction. 
Experiment B was performed to identify aggregate inertia J of the output shaft and all 
components rigidly mounted to it. Different masses m were hung on a cord wound on the 
flywheel and dropped. Angular acceleration of output shaft (φöut) was estimated by 
analyzing encoders readings. The experiment was performed with completely decoupled 
shafts, so only the parts connected to the output shaft were rotating.  
Experiment C consisted of multiple trials. Their goal was to excite system in different 
ways by providing current profiles i(t) of various shapes (sinusoid, square, step, impulse 
function) to the motor and to gather information about movements of both shafts φout(t), 
φin(t) for different distances d. The data were split into two equinumerous sets: teaching 
and verifying and were used to develop and fit the model of the joint. 
6.2 Results and analysis 
Data gathered in experiment A was used to find a model of the relationship between 
spring torque τsp and relative distance d and angle φr between the rings. Various general 
approximating functions were considered: polynomials of different order and number of 
variables and Fourier series terms. The best results were obtained for the model described 
with Eq. (1) and discussed in Section 7.1: 
 2 3 41 2 3 4 1 2 3( , ) 1 sin sin sin
60 30 15
sp r r r rd a d a d a d a d b b b
  
    
      
             
      
 (1) 
where τsp denotes estimated spring torque, d and φr refer to the distance and the angle 
between the rings, and a…, b… are model parameters. An excerpt of gathered data (marked 
as dots) and fitted surface described by Eq. (1) are presented in Fig. 11. Spring stiffness 
for small angles φr can be described with Eq. (2) obtained as a partial derivative of 
Eq. (1).  
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 (2) 
Eq. (3), which is derived from the Euler equation of rotary motion, represents a simple 













φöut denotes an angular acceleration of output shaft, m – mass attached to the flywheel, 
g – gravitational acceleration, r –  flywheel radius, τfr – friction torque, J – inertia. 
 
Fig. 11 Torque-angle relationship for different distances between the rings 
Inertia J of output shaft was identified by fitting function (3) to the data gathered in 
experiment B. Radius r was known, and friction torque τfr was assumed to be independent 
of angular position and velocity of output shaft (Coulomb's model of solid friction), and 
was identified as a second parameter of the fitted model. The fitted curve is presented in 
Fig. 12. 
 
Fig. 12 The curve fitted to the results of experiment B to identify inertia and friction 
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If the joint were rigid, the output shaft would always have the same angular position 
φout as the primary shaft φin. Compliance introduces some other kind of relationship 
between shaft movements. Its general form can be predicted theoretically by transforming 
the Euler equation of rotary motion written for the output shaft (Eq. 4): 
  
   , ,... ,...
, , , ,...
ld sp out in fr out




     
   
  
  (4) 
where φout denotes an angular position of the output shaft, φin – angular position of the 
input shaft, τld – external torque applied to the output shaft, τsp – spring torque,  
d – distance between the rings, τfr – friction torque, J – inertia of output shaft and parts 
mounted to it. 
In this model, external load τld was treated as known – its value was zero in the 
experiments. The model of spring torque τsp(d, φout – φin) has already been found as well 
as the value of inertia J. Multiple models based on Eqs. (1), (2), (4) were developed (most 
interesting cases are listed in Table 3 and interpreted in Section 7.2) and investigated by 
fitting their parameters to teaching set (described in Section 6.1) and calculating different 
goodness of fit measures using verifying dataset: mean square error (MSE), adjusted 
coefficient of determination (R2adj) standard error (SE) and Bayesian information criterion 
(BIC). Also, two partially linearised models were investigated: AL and FL. The results are 
listed in Table 4. 
Table 3 Models of output shaft acceleration (bold symbols denote fitted parameters) 
ID Equation 
A   1 ,out sp out inJ d      
B     1 , signout sp out in outJ d       frτ  
C     1 , tanhout sp out in outJ d       frτ v  
D       1 , tanh sinout sp out in out outJ d         frτ v w x  
E         1 , tanh sinout sp out in out out inJ d           frτ v w x y  
F         1 , tanh sinout sp out in out out out inJ d             frτ v w x z  
AL      1 mod 60 ,120 60out sp out inJ k d          
FL       
   
1 mod 60 ,120 60 tanh
sin
out sp out in outJ
out out in
k d   
  
        
  
frτ v
+ w x z
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Table 4 Goodness of fit of shaft acceleration models 
Model  Teaching set  Verifying set 
ID  MSE 1- R2adj SE BIC  MSE 1- R2adj SE BIC 
A  3522 1.895‰ 59.4 164593  4175 3.046‰ 64.6 179356 
B  2334 1.255‰ 48.3 156307  3051 2.223‰ 55.2 172617 
C  2270 1.221‰ 47.6 155762  2976 2.169‰ 54.6 172092 
D  1451 0.780‰ 38.1 146763  2050 1.494‰ 45.3 164094 
E  1423 0.765‰ 37.7 146382  2021 1.473‰ 45.0 163795 
F  1365 0.734‰ 36.9 145536  2001 1.458‰ 44.7 163590 
AL  4339 2.335‰ 65.9 168784  148454 92.762‰ 344.2 251313 
FL  2122 1.141‰ 46.1 154429  153345 94.811‰ 391.6 256919 
 
Fig. 13 Long-term output shaft trajectory simulations – not exceeding the critical angle 
 
Fig. 14 Short-term output shaft trajectory simulations – not exceeding the critical angle 
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Fig. 15 Long-term output shaft trajectory simulations – exceeding the critical angle 
Models listed above describe output shaft accelerations. Simple approximations 
(Eqs. (5) and (6)) allow deriving differential models of output shaft positions. 
 
[ ] [ 1] [ 2]
2 2
( ) 2 ( ) ( 2 ) 2
( )
n n ndeff t f t T f t T f f f
f t
T T
      
   (5) 
 
[ ] [ 1]( ) ( )
( )




   (6) 
For example, the position model obtained in case F is described with Eq. (7). 
 
   
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out out out sp out in fr out out
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        
    
      
    
  
        
 

      

 (7) 
Position models based on acceleration models were used to simulate output shaft 
trajectories φout(t) (the model was fed with its output). The simulations were performed 
using data from a verifying set for two classes of movements: not exceeding (φr ≤ 31.5°) 
and exceeding (φr > 31.5°) the critical angle. The worst cases are presented in Figs. 13, 
14 and 15 and discussed in Section 7.2 (to maintain readability of the figures only models 
A, F, AL and FL are included; none of the remaining models – B, C, D, E provided better 
performance than model F). 
7. DISCUSSION 
The following sections present a discussion of the obtained results. Section 7.1 
concerns spring characteristics shape and model, while Section 7.2 describes joint models 
interpretation and usability. 
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7.1 Spring characteristics 
The model (Eq. (1)) of torque τsp dependency on relative angle φr and distance d, 
described in Section 6.2, has a convenient form of a product of two functions. One is a 
polynomial dependent on distance d, and the other is composed of the first three terms of 
sinus series dependant on relative angle φr. The model is well defined, inherently 
periodical, smooth and easy to analyze. 
Fig. 16 presents a comparison of the surface fitted to experimental data (Eq. (1)) and 
results of the simulation. Curves in Fig. 16a represent torque-angle relationship for d = 0, 
while Fig. 16b depicts torque-distance relationship for φr = 31.5° (points representing 
experimental data are plotted for 31° < φr  < 32°). The differences in the domain of angles 
φr are negligible within the stable range of angles (less than 2%); however, beyond this 
range, they can reach about 20%. In the domain of distances, they are much more distinct 
and vary from less than 5% in stiff configuration to over 40% in compliant one. 
The possible reasons for the differences are modeling and numerical errors in FEM 
analysis, manufacturing and mounting inaccuracies, measurement errors, lack of 
experimental data for angles between 41° and 60° and influence of static friction. 
Although the last factor is unmeasurable in direct ways, its maximum value can be 
estimated based on the measurements gathered in experiment B – it should be close to 
kinetic friction identified as about 0.05Nm. 
  
a) Torque-angle relationship b) Torque-distance relationship 
Fig. 16 Spring characteristics – comparison of experiment and simulation 
Fig. 17 presents the spring characteristics (plotted in the stiff configuration: d = 0) as 
well as its stable and linear range of angles. It is shaped as intended, and both ranges are 
relatively wide: their limits are 31.5° (105% of theoretical value 30°) and 19.7° (66%) 
accordingly. As a reference, in paper [42] where the same number of pole pairs was used 
these values were about: 26° (87%) and 11° (37%). 
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Fig. 17 Resultant torque-angle characteristics shape, linear and stable ranges 
7.2 Joint model 
All the models examined in Section 6.2 and listed in Table 3 have one vital feature in 
common – all their terms have a clear interpretation. It is summarized in Table 5. 
The results presented in Table 4 indicate that the including terms corresponding to 
kinetic friction and wheel unbalance have a significant impact on the goodness of fit, 
which suggests a profound role of these factors. Implementing damping dependant on 
output angular velocity results in a negligible improvement, so that it can be implied that 
the influence of viscous friction on the output shaft movement is relatively low. Including 
damping dependant on relative angular velocity provides a noticeable but rather small 
improvement of the goodness of fit. Because there is no contact between rotating rings, 
the only possible explanation for such damping are magnetic interactions – probably 
related to inducing eddy currents in conducting components of the spring. The results 
indicate that – at least for investigated velocities, dimensions and mechanical parameters 
– this phenomenon has a relatively low impact on output shaft behavior. 
The results of long-term simulations of output shaft movements (presented in 
Section 6.2 in Fig. 13) indicate that – provided the critical angle is not exceeded – the 
most complex model F can be successfully used as a long-term simulator. The same is 
true even for its partially linearised form FL. If only short-term predictions are needed 
(Fig. 14), even the simplest models A and AL are capable of providing satisfactory results. 
If the critical angle is exceeded (Fig. 15), the simulations based on non-linearised models 
are not satisfactorily accurate but – contrary to linearised ones – they follow the general 
trends of real output shaft trajectory for some period of time. This period is the longest in 
the case of model F (2.6 seconds in presented case). However, it is worth noting that due 
to the unstable behavior of magnetic spring described in Section 3, the predictability of 
output movement within the unstable range of angles φr may be inherently and inevitably 
limited. 
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Table 5 Interpretation of terms used in examined joint models 
Term Interpretation 
J  inertia 
 ,sp out ind    static characteristics of magnetic spring 
 signfr out   model of dry kinetic friction 
 tanhfr outv   differentiable approximation of the model above 
 sin outw x   eccentric mass model of imperfect wheel balance 
outy  damping dependant on output shaft angular velocity 
 out inz     damping dependant on relative angular velocity 
 spk d  stiffness in stable equilibrium 
 mod 60 ,120 60out in        term providing periodicity of 120° 
8. CONCLUSIONS 
The experimentally verified results of simulations indicate that using flat magnets 
instead of arc ones for the magnetic spring construction enables alteration of its torque-
angle characteristics in a beneficial way by adjusting spring geometry. In the case of a low 
number of magnet pairs, the choice of optimized FMS in the place of AMS results in 
expanding linear and stable ranges of angles, what broadens a space of movements so that 
the behavior of the spring is well-defined, predictable and easy to control. The additional 
advantage is lower cost and much better availability of flat magnets as opposed to arc 
ones. However, the price for all the advantages mentioned above is a reduction of spring 
maximal torque and stiffness. Hence, the best applications for implementing FMS are 
those, in the case of which the wide range of deflections and convenient control is more 
important than maximization of available torque. Since the more pole pairs, the lower the 
differences between FMS and AMS are, another field of FMS application may be 
constructions with high pole pairs number. 
The device constructed accordingly to ATTRACTOR concept is proven in use and 
constitutes an example of usability of FMS arrangement in VSA development. The 
movement of the output shaft within the stable range of angles can be well predicted by a 
simple linearized model and even simulated for a more extended period using a model, 
which is more complex but still easy to interpret. 
There is a large potential of device miniaturization what – combined with many 
important advantages of magnetic mechanisms like reduced wear, zero backlash and 
possible zero stiffness configuration – justifies considering it as a competitive alternative 
for conventional mechanical variable stiffness actuators. 
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